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Magnetostatics defines a class of boundary value problems in which the topology of the domain plays a subtle
role. For example, representability of a divergence-free field as the curl of a vector potential comes about
because of homological considerations. With this in mind, we study gauge-freedom in magnetostatics and its
effect on the comparison between magnetic configurations through key quantities such as the magnetic helicity.
For this, we apply the Hodge decomposition of k-forms on compact orientable Riemaniann manifolds with
smooth boundary, as well as de Rham cohomology, to the representation of magnetic fields through potential
1-forms in toroidal volumes. An advantage of the homological approach is the recovery of classical results
without explicit coordinates and assumptions about the fields on the exterior of the domain. In particular, a
detailed construction of a minimal gauge and a formal proof of relative helicity formulae are presented.
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I. INTRODUCTION
Explicit calculations1,2 of the magnetic field are often
made in terms of the vector potential A(x); the mag-
netic field is then found by applying the curl operator,
i.e. B(x) := ∇×A. The resulting magnetic field is then
automatically divergence-free, ∇ ·B = ∇ · (∇×A) = 0,
thereby satisfying one of Maxwell’s equations. However
the representation of the field by a vector potential is not
unique, and this has consequences for key quantities such
as the total magnetic helicity. For example, let A1 and
A2 be two vector potentials for a given magnetic config-
uration. They describe the same magnetic field precisely
when their difference s = A1 −A2 is curl-free. Indeed,
the part of the vector potential in the kernel of the curl
operator is superfluous to the physics. The freedom to
pick A among all vector fields that produce the same
curl is called gauge freedom. One could decide before
performing any calculation on a convention or a gauge,
so that when the magnetic fields are the same, the vector
potentials would match point-wise. Such a convention is
called gauge fixing.
A simpler occurrence of gauge freedom is the represen-
tation of a conservative force as the gradient of a poten-
tial function V (x), namely F (x) := −∇V . Here sim-
ilarly, different potentials represent the same force pre-
cisely when they differ by some constant. The freedom is
minimal in the sense that one has to agree upon just one
number. To fix the gauge, one could adopt the conven-
tion that all potential functions should vanish at a point
of reference, or that the average of all potential func-
tions should vanish, or that the minimum of all potential
functions should be zero. The convention affects, for ex-
ample, the definition of the system’s energy, but energy
differences can compared in a gauge-invariant way.
Gauge freedom for vector potentials in magnetostatics
is more involved than for conservative forces. While the
physics (Maxwell equations) is gauge-independent, some
important quantities depend on the convention that is
chosen and on the domain on which the magnetic fields
are represented: a convention that works well in a closed
ball may not be appropriate for a solid torus.
Understanding gauge freedom is particularly impor-
tant for the computation and interpretation of total mag-
netic helicity, which is the volume integral of the gauge-
dependent quantityA·B. It is known that total magnetic
helicity is related to topological properties of the mag-
netic field3,4. On a simply-connected orientable three-
dimensional Riemannian manifold with boundary, total
helicity is the asymptotic Hopf invariant of the magnetic
field, measuring the average linking of its field-lines5. The
justification6,7 uses the Biot-Savart law to express the
vector potential as the integral of the magnetic field over
a suitable kernel, and then identifies the magnetic helic-
ity, in the form of a double-integral, as the average Gauss
linking number of field-lines. The problems with this are,
first, that the identification works if and only if the mag-
netic field is tangential to the boundary (otherwise the
outside field must also be taken into account), and sec-
ond, that the vector potential resulting from Biot-Savart
is always divergence-free, which means that the so-called
Coulomb or minimal gauge must be assumed.
Gauge-invariant or relative helicity formulae have been
derived for the case where the magnetic field remains tan-
gential to the boundary6,8,9. The way these formulae are
justified is by asserting regularity of the solutions “at in-
finity”, by performing clever book-keeping of the self and
mutual helicities of magnetic fields restricted to simply-
connected volumes of space, and finally by approximat-
ing the mutual helicity of the vacuum components as a
product of fluxes. Based on intuition, the self-helicity of
the vacuum field is for example set to zero7. The con-
struction does not seem to extend to general boundary
conditions on B and less regular fields. These formulae
are widely used in the context of helicity injection in fu-
sion plasmas8 and reconnection processes in solar flare
2dynamics10.
This paper explores an approach based on homology
to address the representation of magnetic fields via vec-
tor potentials, treating this exercise as a boundary value
problem on a compact orientable Riemannian manifold.
Using tools of differential geometry and algebraic topol-
ogy from de Rham cohomology11 and Hodge theory12, a
justification of the relative helicity formulae is provided.
The paper is organised as follows. Appendix A re-
views the general elements of de Rham cohomology and
the Hodge decomposition of k-forms on compact man-
ifolds. In section II, we study the cohomology of solid
toroidal and hollow toroidal volumes and write explicit
generators for the de Rham cohomology groups. In sec-
tion III, we list the conditions under which the magnetic
field can be represented unambiguously by a vector po-
tential, and how to decompose the latter in terms of a
physical component and gauge terms. A pair of minimal
gauges are proposed, depending on the topology of the
toroidal domains (solid or hollow). In section IV, the
notion of magnetic helicity is discussed as well as how
gauge freedom affects its computation. In the case of
perfectly conducting boundary conditions, we show how
to define for the two toroidal domains a relative total
magnetic helicity, in such as way that its value is gauge-
invariant. This enables the total magnetic helicity of two
different magnetic field representations to be compared
in a meaningful way.
It is assumed that the reader is somewhat familiar with
notions of differential geometry and exterior calculus. It
is recommended to read appendix A first to acclimate to
the notation. Some readers may skip to section IV, which
highlights the practical consequences for the computation
of total magnetic helicity.
II. COHOMOLOGY OF TOROIDAL VOLUMES
The results of Hodge theory and de Rahm cohomology,
as reviewed in appendix A, are applied to the magneto-
statics problem of representing a magnetic field through
a vector potential on a toroidal volume, such as in a toka-
mak, a stellarator or even a knotted configuration, e.g.
flux tubes in a reversed-field pinch or in the solar corona.
Let us consider the magnetic fieldB := (⋆B)♯ to be the
sharp (isomorphism between vector fields and 1-forms in-
duced by the Riemannian metric) of the Hodge dual of
a 2-form called the magnetic flux B ∈ W 1Ω2(M) on M ,
a compact orientable Riemannian manifold with bound-
ary. Knowing that B is closed, dB = 0 (corresponding
to ∇ ·B = 0), we would like to know when it is exact,
namely if the relation B = dA between the magnetic
flux and the potential 1-form A ∈W 1Ω1(M) holds. The
latter conveys the usual identity between the vector po-
tential A := A♯ and the magnetic field B = ∇ × A.
To make proper use of the Hodge-Friedrichs-Morrey de-
composition theorem (HFMD, see section A3), we first
characterise the de Rham cohomology groups, enabling
us to identify the spaces of harmonic fields (see Theorem
A.1).
The first manifold M = ST ⊂ R3 under consideration
is the image of an embedding in R3 of the solid torus
D2×S1 = {(x1, x2, x3, x4) ∈ R4| (x1, x2) ∈ D2, (x3, x4) ∈
S1} ⊂ R4, i.e. the Cartesian product of the unit disk
D2 = {(x1, x2) ∈ R2|x21 + x22 ≤ 1} ⊂ R2 and the unit
circle S1 = {(y1, y2) ∈ R2| y21 + y22 = 1} ⊂ R2. Let
Φ : D2 × S1 → ST ⊂ R3 denote the embedding. The
boundary of the manifold ∂ST = Φ(∂D2 × S1) ∼= S1 ×
S1 = T 2 ⊂ R4 is diffeomorphic to a torus.
Another manifold of interest is the hollow torus. Let
M = HT ⊂ R3 be the image of an embedding of the
Cartesian product of a closed annulus and the unit cir-
cle. The closed annulus is treated as the product of an
interval and another circle. We thus consider the em-
bedding Φ : [0, 1] × S1 × S1 = {(x1, x2, x3, x4, x5) ∈
R
5|x1 ∈ [0, 1], x22 + x23 = 1, x24 + x25 = 1} → HT ⊂ R3.
The boundary of HT is the disjoint union of two tori,
∂HT ∼= T 20 ∪ T 21 the interior and the exterior.
As subdomains of R3, ST and HT are given Rieman-
nian metrics corresponding to the first fundamental forms
from the Euclidean inner product. It will be assumed
throughout the paper that the embedding Φ preserves
the orientation of the manifolds, in the sense that the
standard volume form dX ∧ dY ∧ dZ ∈ Ω3(M ⊂ R3)
pulls back to a positive top form on the pre-image. This
condition can be relaxed with the price of an extra sign
in several formulae here below.
A. Cohomology of the solid torus in R4
The cohomology of ST is isomorphic to that ofD2×S1.
The unit disk (poloidal) being contractible, the absolute
cohomology of ST is isomorphic to that of the unit circle
(toroidal). We list
H0(ST,R) ∼= H0(S1,R) ∼= R,
H1(ST,R) ∼= H1(S1,R) ∼= R, (1)
and the rest is trivial H2(ST,R) = {0} and H3(ST,R) =
{0}.
The relative cohomology of ST can be deduced ei-
ther via the Ku¨nneth formula or by invoking Poincare´-
Lefschetz duality (see Corollary A.5.1), but the following
reasoning provides an intuitive justification. Every point
inside ST is homologous to a point on the boundary so
that the zeroth relative cohomology group is trivial. Ev-
ery closed loop can be moved to the boundary (includ-
ing the generator of the circle’s first homology) so that
the first relative cohomology group is also trivial. The
second relative homology of ST consists of surfaces, for
which points on ∂ST are discarded, that are closed (cy-
cles) but do not bound any volume. A poloidal cut, which
opens the solid torus into a cylinder, fits exactly this de-
scription; the boundary of the poloidal cut lies on the
boundary of the solid torus so that this relative chain
3is closed. The poloidal cut actually generates the solid
torus’ second homology (all other relative cycles are ho-
mologous to multiples of the poloidal cut), hence, the
second relative cohomology is one-dimensional. To de-
duce H3dR(ST, ∂ST, d)
∼= Harm3D(ST ), we recall Theo-
rems A.1 and A.2 from appendix A that all top forms
are closed and Dirichlet but only the ”constant” volume
form is co-closed (no matter the Riemannian metric), so
that Harm3D(ST )
∼= {cµ ∈ Ωn(M)| c ∈ R}. We thus list
H0(ST, ∂ST,R) = {0},
H1(ST, ∂ST,R) = {0},
H2(ST, ∂ST,R) ∼= R,
H3(ST, ∂ST,R) ∼= R.
(2)
Let CT : (0, 2π) → D2 × S1, ϕ 7→ CT (ϕ) =
(0, 0, cosϕ, sinϕ) be a closed toroidal path (our preferred
representative of first homology generating class). An
explicit representative λϕ of the dual basis class [λϕ] ∈
H1dR(D
2 × S1, d) that generates the first cohomology
group is, for example,
λϕ :=
1
2π
(−x4dx3 + x3dx4). (3)
Indeed, dλϕ = 0 and the integral along any curve homol-
ogous to CT , is
≪ [CT ], [λϕ]≫ =
∫
CT
λϕ =
∫ 2π
0
C∗Tλϕ =
∫ 2π
0
λϕ(C
′
T )dϕ
=
1
2π
∫ 2π
0
(sin2 ϕ+ cos2 ϕ)dϕ = 1.
Let SP : D
2\∂D2 → D2×S1, (x1, x2) 7→ SP (x1, x2) =
(x1, x2, 1, 0) be a poloidal cut (closed relative to the
boundary, our preferred generator of second relative ho-
mology). An explicit representative σϑ of the dual basis
class [σϑ] ∈ H2dR(D2 × S1, ∂D2 × S1, d) that generates
the second relative cohomology group is, e.g.
σϑ :=
1
π
dx1 ∧ dx2. (4)
Indeed, dσϑ = 0 and tσϑ = 0 and the integral over any
surface homologous to SP is
≪ [SP ], [σϑ]≫=
∫
SP
σϑ =
∫
D2
S∗Pσϑ =
1
π
∫
D2
dx1dx2 = 1.
The wedge product of λϕ and σϑ is a closed Dirichlet 3-
form, i.e. d(σϑ∧λϕ) = 0 and t(σϑ∧λϕ) =✟✟tσϑ∧tλϕ = 0.
It is thus the representative of a third relative cohomol-
ogy class. Its integral over the solid torus is computed
using the chart V : D2 \ ∂D2 × (0, 2π)→ D2 × S1 given
by V (x1, x2, ϕ) = (x1, x2, cosϕ, sinϕ) (our preferred gen-
erator of third relative homology). Explicitly,
∫
D2×S1
σϑ ∧ λϕ =
∫
V
σϑ ∧ λϕ =
∫
D2
∫ 2π
0
V ∗(σϑ ∧ λϕ)
=
1
2π2
∫
D2
dx1dx2
∫ 2π
0
dϕ = 1. (5)
Hence, σϑ ∧ λϕ is actually a representative of the dual
basis class [σϑ ∧ λϕ] ∈ H3dR(D2 × S1, ∂D2 × S1, d) that
generates the third relative cohomology group.
B. Cohomology of the hollow torus in R5
The absolute cohomology of HT is isomorphic to that
of the torus T 2 = S1 × S1. We list
H0(HT,R) ∼= H0(T 2,R) ∼= R,
H1(HT,R) ∼= H1(T 2,R) ∼= R2,
H2(HT,R) ∼= H2(T 2,R) ∼= R,
H3(HT,R) ∼= {0}
(6)
By Poincare´-Lefschetz duality (see Corollary A.5.1), the
relative cohomology is
H0(HT, ∂HT,R) ∼= {0},
H1(HT, ∂HT,R) ∼= R,
H2(HT, ∂HT,R) ∼= R2,
H3(HT, ∂HT,R) ∼= R.
(7)
Let CT : (0, 2π) → [0, 1] × S1 × S1, ϕ 7→
CT (ϕ) = (0, 1, 0, cosϕ, sinϕ) be a closed toroidal path
and CP : (0, 2π) → [0, 1] × S1 × S1, ϑ 7→ CP (ϑ) =
(0, cosϑ, sinϑ, 1, 0) be a closed poloidal path (our pre-
ferred generators of first homology). Explicit representa-
tives of the dual basis for the first absolute cohomology
group are, for example,
λϑ :=
1
2π
(−x3dx2 + x2dx3),
λϕ :=
1
2π
(−x5dx4 + x4dx5),
(8)
with the property that
∫
CT
λϕ = 1,
∫
CP
λϑ = 1,
∫
CP
λϕ =
0 and
∫
CT
λϑ = 0. A representative for the dual basis
class of the second absolute cohomology group is, for ex-
ample, the wedge product
σr := λϑ ∧ λϕ, (9)
with the property that
∫
T 2
σr = 1 where T
2 = {.} ×
S1 × S1 is a torus (our preferred generator of second
homology).
Let CR : [0, 1] → [0, 1] × S1 × S1, x 7→ CR(x) =
(x, 1, 0, 1, 0) be a radial path. It is closed relative to the
4boundary, and thus represents a generator of first rela-
tive homology. A representative for the dual basis class
of the first relative cohomology group is
λr := dx1, (10)
with the property that
∫
CR
λr = 1.
Let SP : (0, 1) × (0, 2π) → [0, 1] × S1 × S1, (r, ϑ) 7→
(r, cosϑ, sinϑ, 1, 0) be a poloidal cut and ST : (0, 1) ×
(0, 2π) → [0, 1] × S1 × S1, (r, ϕ) 7→ (r, 1, 0, cosϕ, sinϕ)
be a toroidal annulus (or ribbon). Representatives for
the dual basis classes of the second relative cohomology
group are the wedge products
σϑ := λr ∧ λϑ, σϕ := λr ∧ λϕ, (11)
with the property that
∫
ST
σϕ = 1,
∫
SP
σϑ = 1,
∫
ST
σϕ =
0 and
∫
SP
σϑ = 0. The third relative cohomology group is
generated by forms cohomologous to the wedge products
σϑ ∧ λϕ = −σϕ ∧ λϑ = σr ∧ λr = λr ∧ λϑ ∧ λϕ
with the property that
∫
[0,1]×S1×S1
λr ∧ λϑ ∧ λϕ = 1. (12)
III. HODGE DECOMPOSITION OF FORMS ON
TOROIDAL VOLUMES
From the purely homological observations of section II,
we draw a series of consequences on the Hodge decom-
position of k-forms on the toroidal volumes ST and HT .
We refer here to appendix A.
A. On a solid toroidal volume in R3
Proposition III.1. All closed 2-forms on a solid
toroidal volume ST are exact, i.e. B ∈ W 1Ω2(ST ),
dB = 0 ⇐⇒ B = dA where A ∈W 1Ω1(ST ).
This corresponds to the usual assertion that a
divergence-free magnetic field on a solid toroidal volume
can be expressed as the curl of the vector potential.
Proof. This follows immediately from the fact that the
second cohomology group H2dR(ST, d)
∼= H2(ST,R) ∼=
{0} is trivial.
Corollary III.1.1. All co-closed 1-forms on ST are co-
exact, i.e. B˜ ∈ Ω1(ST ), δB˜ = 0 ⇐⇒ B˜ = δA˜ where
A˜ ∈ W 1Ω2(ST ).
Proof. By Hodge duality, Proposition A.5, H1dR(ST, δ)
∼=
H2dR(ST, d)
∼= {0}.
Proposition III.2. On a solid toroidal volume, the
space of Neumann harmonic 1-fields Harm1N (ST ) is a
one-dimensional vector space, spanned by a single field
(unit vacuum toroidal field) νϕ, defined up to sign by the
following properties:
1. closed and co-closed, dνϕ = 0 and δνϕ = 0;
2. everywhere tangential to the boundary, nνϕ = 0;
3. unit L2-norm, ||νϕ||L2 = 1.
The unit vacuum toroidal field is a purely geometric ob-
ject and depends smoothly on the embedding Φ.
Proof. Harm1N (ST )
∼= H1dR(ST, d) ∼= H1(ST,R) ∼= R.
The first two properties define any Neumann harmonic
1-field and the third is a normalisation.
Multiples of the unit vacuum toroidal field νϕ corre-
spond to the only closed, co-closed and tangential 1-forms
that are not exact; they cannot be expressed as the ex-
terior derivative of smooth functions, since (νϕ, df) = 0,
∀f ∈ W 1C∞(M). The normalisation of νϕ is arbitrary;
one could equally well choose νϕ to be dual with respect
to loop integrals (with the drawback of having to divide
by the L2-norm in the decomposition formulae below).
The first de Rham cohomology group of solid toroidal
volumes can now be explicitly written as H1dR(ST, d) ={[cνϕ] | c ∈ R} = span{[νϕ]}, the set of equivalence
classes represented by multiples of the unit vacuum
toroidal field.
Corollary III.2.1. The space of Dirichlet harmonic 2-
fields Harm2D(ST ) is a one-dimensional vector space,
spanned by ⋆νϕ (the unit vacuum poloidal flux). As a
closed 2-form, the latter can be written as an exact form
⋆νϕ = dΥ with δdΥ = 0 and tdΥ = 0.
Remark. The tangential operator commutes with the ex-
terior derivative, so that dtΥ = tdΥ = 0. However, this
does not mean that tΥ = 0. In fact,
1 = || ⋆ νϕ||2L2 =
∫
ST
νϕ ∧ dΥ = −
∫
ST
d(νϕ ∧Υ)
=
∫
∂ST
tΥ ∧ tνϕ =
∫
∂ST
tΥ ∧ νϕ
where the last step follows from the fact that the unit
vacuum toroidal field is purely tangential on the bound-
ary. It is thus necessary that tΥ 6= 0.
Proposition III.3 (Hodge decomposition of 1-forms on
a solid torus). All 1-forms A ∈ L2Ω1(ST ) can be orthog-
onally decomposed as
A = δβ + dfD + dh+ cνϕ,
where β ∈ W 1Ω2N (ST ), fD ∈ W 1C∞(ST ) is a smooth
Dirichlet function on ST such that fD|∂ST = 0, h ∈
W 1C∞(ST ) is a harmonic function such that ∆h = 0,
νϕ ∈ Harm1N (ST ) is the unit vacuum toroidal field and
c = (A, νϕ) is the projection of A onto it.
5Proof. The decomposition of 1-forms on ST immediately
follows from HFMD and proposition III.2. We note that
for smooth functions f ∈ Ω0(M), δf = 0, so that the
Laplace-de Rham operator reduces to ∆f := (δd+dδ)f =
δdf .
Theorem III.1 (Minimal gauge on a solid torus). Let
B = dA 6= 0 be a closed (and exact) 2-form on ST as
in proposition III.1. The potential 1-form A can be cho-
sen uniquely to be minimal in terms of its L2-norm by
requiring that it be co-closed δA = 0, tangential nA = 0
and whirl-free (A, νϕ) = 0. In this gauge, A carries the
minimal amount of physical information about B.
Physical information refers here to the use of the L2-
norm to quantify the energy of fields, for example mag-
netic energy by ||B||2L2 .
Proof. By proposition III.3, A = δβ + dfD + dh+ cνϕ so
that B = dδβ. A necessary and sufficient condition for
B 6= 0 is δβ 6= 0. By orthogonality of the decomposition,
the L2-norm squared ofA is the sum of positive quantities
||A||2L2 = ||δβ||2L2 + ||dfD||2L2 + ||dh||2L2 + c2 > 0
If A is co-closed, δA = 0, proposition A.3 shows that the
component dfD = 0. If A is tangential, 0 = nA = ndh,
but then
||dh||L2 = (dh, dh) = (h,✟✟∆h) +
∫
∂ST
th ∧ ⋆✘✘ndh = 0
and in fact dh = 0. Finally, provided that 0 = (A, νϕ) =
c, ||A||2L2 = ||δβ||2L2 is the minimal possible L2-norm for
which B 6= 0.
The requirement that the potential 1-form A be co-
closed translates to the familiar requirement that the
vector potential be divergence-free, which is commonly
known as the Coulomb gauge. In contrast to the stan-
dard setting of R3, the two additional requirements are
important because the solid toroidal volume is a mani-
fold with boundary (hence the condition on the normal
component) and its homology is non-trivial (hence the
condition on the toroidal vacuum component).
The Coulomb gauge (divergence-free vector potential)
is rarely adopted in the context of toroidal magnetic con-
finement fusion and, to the authors’ best knowledge, the
tangential and whirl-free condition have never been ap-
plied. The minimal gauge, despite its mathematical at-
tractiveness, has thus never been exploited. From a com-
putational perspective, this implies that most vector po-
tentials carry a significant fraction of physically irrelevant
information. One would hope that computational effort
is not wasted on those components.
Proposition III.4. The integral of any closed 1-form,
s ∈W 1Ω1(ST ) such that ds = 0, over any closed path is∫
Γ
s = (s, νϕ)mLT , m ∈ Z,
where LT 6= 0 ∈ R is a fixed coefficient that depends
smoothly on the embedding Φ (normalisation of νϕ).
Proof. The closed 1-form s is cohomologous to cνϕ with
c = (s, νϕ). Thus, ∫
Γ
s = c
∫
Γ
νϕ.
The closed path Γ is homologous to integer copies of
Φ(CT ). On D
2 × S1, Φ∗(νϕ) is closed and is thus co-
homologous to LTλϕ, with LT ∈ R computed by the
loop integral
LT =
∫
CT
Φ∗(νϕ) =
∫
Φ(CT )
νϕ.
Because νϕ is unique (up to a sign), the factor LT de-
pends only on the embedding.
Proposition III.5. The integral of a closed Dirichlet
2-form, namely B ∈ W 1Ω2D(ST ) such that dB = 0
and tB = 0, over a poloidal cut ΣP ∈ [Φ(SP )] ∈
H2(ST, ∂ST ), is equal to∫
ΣP
B = (⋆νϕ, B)ΨT = ΨT
∫
ST
νϕ ∧B
where ΨT 6= 0 ∈ R is a fixed signed coefficient that de-
pends smoothly on the embedding (through the normali-
sation of νϕ).
Proof. The closed Dirichlet 2-form belongs to the equiv-
alence class B ∈ [c˜ ⋆νϕ] ∈ H2dR(ST, ∂ST, d) of the second
relative de Rham cohomology, with c˜ = (B, ⋆νϕ). Thus,∫
ΣP
B = c˜
∫
ΣP
⋆νϕ = c˜
∫
Φ(SP )
⋆νϕ
since the poloidal cut ΣP is homologous to Φ(SP ). On
D2 × S1, Φ∗(⋆νϕ) is closed and Dirichlet since
tΦ∗(⋆νϕ) = Φ
∗(t ⋆ νϕ) = Φ
∗(⋆nνϕ) = Φ
∗(0) = 0.
Hence, Φ∗(⋆νϕ) ∈ [ΨTσϑ], with ΨT ∈ R computed by
the surface integral
ΨT =
∫
SP
Φ∗(⋆νϕ) =
∫
Φ(SP )
⋆νϕ.
Because ⋆νϕ is unique (up to a sign), the factor ΨT de-
pends only on the embedding.
Theorem III.2. Let s ∈ W 1Ω1(ST ) be a closed 1-form,
ds = 0 and B ∈ W 1Ω2D(ST ) be a closed Dirichlet 2-form,
dB = 0 and tB = 0. Then,∫
ST
s ∧B = (s, ⋆−1B) =
∫
ΓT
s
∫
ΣP
B,
where ΓT ∈ [Φ(CT )] ∈ H1(ST ) is a closed toroidal path
and ΣP ∈ [Φ(SP )] ∈ H2(ST, ∂ST ) is a poloidal cut.
6Proof. The underlying reason is that the exterior product
of closed differential forms induces the cup product in de
Rham cohomology, so that [α]⌣ [β] ≡ [α ∧ β].
Explicitly, the pullback Φ∗s ∈ [lλϕ] ∈ H1dR(D2×S1, d)
with
l =
∫
ΓT
s =
∫
CT
Φ∗s.
The pullback Φ∗B ∈ [l˜σϑ] ∈ H2dR(D2 × S1, ∂D2 × S1, d)
with
l˜ =
∫
ΣP
B =
∫
SP
Φ∗B.
The pullback of their wedge product belongs to the same
class as [Φ∗(s ∧ B)] = [Φ∗s ∧ Φ∗B] = ll˜[λϕ ∧ σϑ] ∈
H3dR(D
2 × S1, ∂D2 × S1, d). Hence,
∫
ST
s ∧B =
∫
Φ(D2×S1)
s ∧B =
∫
D2×S1
Φ∗(s) ∧Φ∗(B)
= ll˜
∫
D2×S1
λϕ ∧ σϑ = ll˜
where the last step follows from equation (5). One subtle
point in the first step, where ST is replaced by Φ(D2×S1)
for the purpose of integration over the whole volume,
is that the embedding must preserve the orientation of
the manifold with respect to the standard volume form
dX ∧ dY ∧ dZ ∈ Ω3(ST ⊂ R3), otherwise an extra minus
sign must be included in the formula.
The beauty here (and power of the homological ap-
proach) is that the result neither depends on the explicit
representative forms λϕ and σϑ, nor on the specific choice
of embedding Φ (up to a minus sign if the manifold’s
orientation is reversed). It means that the factorisation∫
s∧B = ∫ s ∫ B occurs no matter the local coordinates
used to represent the fields, which is particularly useful
for numerical applications, either as a method of verify-
ing the consistency and accuracy of the solver, or as a
method of by-passing costly volume integrals. We warn
that an exact match between
∫
s ∧ B = ∫ s ∫ B is sensi-
tive to round-off error, such that the order of numerical
operations may matter in the intricate balance of volume
integrals via quadrature rules.
Corollary III.5.1. The product of coefficients LT and
ΨT is unity
LTΨT = 1. (13)
Proof. Applying the result of Theorem III.2 to the unit
vacuum toroidal field, we have
1 =
∫
ST
νϕ ∧ ⋆νϕ =
∫
ΓT
νϕ
∫
ΣP
⋆νϕ = LTΨT .
B. The illustrative example of an axisymmetric embedding
To illustrate the results of the previous section, we con-
sider the special case of an axisymmetric solid toroidal
volume, such as the standard tokamak configuration.
The adjective axisymmetric means that the embedding
maps the disk independently from the circle and takes
the form Φaxi : D
2 × S1 → R3, (x1, x2, x3, x4) 7→
(X,Y, Z) = (R(x1, x2)x3, R(x1, x2)x4, Z(x1, x2)) where
(R,Z) : D2 → ΣP ⊆ [Rmin, Rmax] × [Zmin, Zmax] are
functions referencing the major radius and the verti-
cal position. The major radius matches the function
R(X,Y, Z) =
√
X2 + Y 2 = R(x1, x2), with the require-
ment that Rmin > 0.
Locally, one can define the toroidal angle ϕ(X,Y, Z),
such that X = R cosϕ and Y = R sinϕ. Its value coin-
cides with the local angle ϕ on S1, such that x3 = cosϕ
and x4 = sinϕ. The toroidal angle is not a smooth func-
tion on STaxi ⊂ R3, yet it is common to denote ”dϕ” =
(−Y dX +XdY )/(X2+ Y 2), a (global) 1-form on STaxi,
as its local exterior derivative. The pullback is a multi-
ple of the representative defined in equation (3) of the
first cohomology generating class, Φ∗axi(”dϕ”) = 2πλϕ.
Hence, ”dϕ” is closed but deceivingly not exact since∫
Φaxi(CT )
”dϕ” =
∫
CT
Φ∗axi(”dϕ”) = 2π
∫
CT
λϕ = 2π.
This means that [”dϕ”] 6= [0] ∈ H1dR(STaxi, d).
In addition, it can be verified that ”dϕ” is co-closed
with respect to the Euclidean metric, δ”dϕ” = 0, and
tangential to the boundary of STaxi, n”dϕ” = 0 (specific
to axisymmetric embeddings Φaxi). These properties ac-
tually make the 1-form ”dϕ” a Neumann harmonic field,
”dϕ” ∈ Harm1N (STaxi). The unit vacuum toroidal field
on STaxi is then simply νϕ = ”dϕ”/||”dϕ”||L2 where
||”dϕ”||2L2 =
∫
STaxi
〈”dϕ”, ”dϕ”〉µ = 2π
∫
ΣP
R−1dRdZ,
with ΣP being a poloidal cut of the torus. If the lat-
ter domain is simply a rectangle ΣP = [Rmin, Rmax] ×
[Zmin, Zmax], the L
2-norm reduces to ||”dϕ”||2L2 =
2π(Zmax − Zmin) ln(Rmax/Rmin).
When expressing the vector potential 1-form in so-
called covariant components with respect to cylindrical
coordinates, A = ARdR+AZdZ+Aϕ”dϕ”, the whirl-free
condition from the minimal gauge Theorem III.1 reads
0 = (A, ”dϕ”) ⇐⇒
∫
ΣP
Aϕ(R,Z)
R
dRdZ = 0.
For general embeddings Φ, computing the unit toroidal
vacuum field is not trivial (although it can be cast as
the solution to a variational problem). The following
proposition provides a recipe when Φ is not ”substantially
different” from axisymmetric.
Proposition III.6. If ST is isotopic to STaxi and there
exists an isometry I such that ST∩I({(0, 0, Z) ∈ R3}) =
∅, the unit toroidal vacuum field can be expressed as νϕ =
(”dϕ”− dh)/||”dϕ”− dh||L2 where ”dϕ” = I∗[(−Y dX +
7XdY )/(X2 + Y 2)] and h ∈ W 1C∞(ST ) is the unique
solution (up to a constant) to the boundary value problem
∆h = 0, ndh = −n”dϕ”.
Proof. With ST ∩ I({(0, 0, Z) ∈ R3}) = ∅, ”dϕ” is a
well-defined 1-form on ST . It is closed and co-closed
with respect to the Euclidean metric, because I pre-
serves the Hodge star. Hence, ”dϕ” ∈ Harm1(ST ) and,
by virtue of HD, can be decomposed as ”dϕ” = dh+ cνϕ
where h ∈ W 1C∞(ST ) is a harmonic function ∆h = 0,
νϕ ∈ Harm1N (ST ) is the unit vacuum toroidal field and
c = (”dϕ”, νϕ). Since nνϕ = 0, the harmonic func-
tion h must compensate the normal component of ”dϕ”
on the boundary, ndh = −n”dϕ”. This provides suffi-
cient boundary conditions to uniquely determine h (up
to a constant). The isotopy ensures through the invari-
ance of 2π =
∫
Φ(CT )
”dϕ” = cLT that c 6= 0 and thus
||”dϕ”− dh||L2 > 0.
C. Hodge decomposition on a hollow toroidal volume in
R
3
Arguing similarly as for the Hodge decomposition of k-
forms on solid toroidal volumes, we obtain the following
on a hollow torus.
Proposition III.7. A closed 2-form B ∈ W 1Ω2(HT ),
dB = 0, on a hollow torus can be expressed as
B = dA+ cν˜ρ
where A ∈ W 1Ω1(HT ), and ν˜ρ ∈ Harm2N (HT ) (the unit
vacuum radial flux) is such that dν˜ρ = 0, δν˜ρ = 0, nν˜ρ =
0 and ||ν˜ρ||L2 = 1. The coefficient c = (B, ν˜ρ).
Proof. The second de Rham cohomology group of HT
is one-dimensional R ∼= H2(HT,R) ∼= H2dR(HT, d) =
span{[ν˜ρ]}.
Proposition III.8. The integral of a closed 2-form, B ∈
W 1Ω2(HT ) with dB = 0, over a toroidal surface σr ∈
[Φ(T 2)] ∈ H2(HT ) is equal to∫
σr
B = (B, ν˜ρ)ΨR,
where ΨR 6= 0 ∈ R is a fixed coefficient that depends
smoothly on the embedding (through the normalisation of
ν˜ρ).
Proof. The closed 2-form B is cohomologous to cν˜ρ where
c = (B, ν˜ρ). ∫
σr
B = c
∫
Φ(T 2)
ν˜ρ.
The pullback of the unit vacuum radial flux is closed and
is thus cohomologous to ΨRσr, with ΨR ∈ R computed
by
ΨR =
∫
T 2
Φ∗(ν˜ρ) =
∫
Φ(T 2)
ν˜ρ.
Because ν˜ρ is unique (up to a sign), the factor ΨR de-
pends only on the embedding.
Corollary III.8.1. Closed Dirichlet 2-forms are ex-
act (in the absolute de Rham cohomology), i.e B ∈
W 1Ω2D(HT ), dB = 0 and tB = 0 ⇐⇒ B = dA for
some A ∈ W 1Ω1(HT ).
Proof. The surface σr ∼ Φ(T 20 ) is homologous to the in-
terior (or exterior) boundary on which the flux evaluates
as the zero form. Thus,
∫
σr
B =
∫
Φ(T 2
0
)✟
✟tB = 0 and
(B, ρ) = 0 by proposition III.8. The claim follows then
from proposition III.7.
Proposition III.7 shows that a divergence-free vector
field on a hollow toroidal volume is not necessarily the
curl of a vector potential. Yet, from a physical perspec-
tive, the unit vacuum radial flux ν˜ρ cannot describe a
real magnetic field. A contradiction with Gauss’s law for
magnetism over the whole of R3 arises by the fact that,
as per Proposition III.8, its flux
∫
Φ(T 2
0
)
ν˜ρ = ΨR 6= 0
through the interior boundary of the hollow torus does
not vanish. But, this surface bounds a solid toroidal vol-
ume (the part that is removed to create the hollow torus),
and if a physical magnetic field were to exist in there, its
flux through the boundary would vanish. In other words,
the unit vacuum radial flux, although mathematically ad-
missible as solution to the boundary value problem, is
unrealisable as a magnetic field. From this physical con-
sideration, it is concluded that the magnetic field on a
hollow toroidal volume derives from a vector potential,
and that the magnetic flux belongs to the subspace of
exact 2-forms on HT .
Proposition III.9. The space of Neumann harmonic
1-fields Harm1N (HT ) is a two-dimensional vector space,
spanned by the pair of basis vectors {νϕ, νϑ} called the
unit vacuum poloidal and toroidal fields, defined uniquely
(up to signs) by the following properties. Letting indices
i, j ∈ {ϕ, ϑ}, the basis vectors are
1. closed and co-closed, dνi = 0 and δνi = 0;
2. everywhere tangential to the boundary, nνi = 0;
3. L2-orthonormal, (νi, νj) = δij ;
4.
∫
ΓT
νϑ = 0 and
∫
ΓP
νϕ = 0, where ΓT ∈ [Φ(CT )]
and ΓP ∈ [Φ(CP )] are closed toroidal and poloidal
paths with H1(HT ) = span{[Φ(CT )], [Φ(CP )]}.
The unit vacuum poloidal and toroidal fields are purely
geometric objects and depend smoothly on the embedding
Φ.
8Proof. Harm1N (HT )
∼= H1(HT,R) ∼= R2. The first two
properties define any Neumann harmonic 1-field. The
last condition states that Φ∗νϑ = LPλϑ and Φ
∗νϕ =
LTλϕ, where LP =
∫
ΓP
νϑ and LT =
∫
ΓT
νϕ. The Hodge
star of Neumann harmonic 1-fields are Dirichlet 2-fields.
We list the pullbacks Φ∗⋆νϑ = ΨPσϕ+κϑσϑ and Φ
∗⋆νϕ =
κϕσϕ +ΨTσϑ. The orthogonality condition ensures that
0 =
∫
HT
νϑ ∧ ⋆νϕ =
∫
[0,1]×S1×S1
LP (κϕλϑ ∧ σϕ +ΨT✘✘✘✘λϑ ∧ σϑ)
= −LPκϕ ⇐⇒ κϕ = 0
0 =
∫
HT
νϕ ∧ ⋆νϑ =
∫
[0,1]×S1×S1
LT (ΨP✘✘
✘✘λϕ ∧ σϕ + κϑλϕ ∧ σϑ)
= LTκϑ ⇐⇒ κϑ = 0,
which implies that
∫
ΣT
⋆νϕ = κϕ = 0 and
∫
ΣP
⋆νϕ =
κϑ = 0 where ΣP ∈ [Φ(SP )] is a poloidal cut and
ΣT ∈ [Φ(ST )] is a toroidal annulus (or ribbon) with
H2(HT, ∂HT ) = span{[Φ(ST )], [Φ(SP )]}. Finally,
1 =
∫
HT
νϑ ∧ ⋆νϑ =
∫
[0,1]×S1×S1
LPΨP λϑ ∧ σϕ = −LPΨP
1 =
∫
HT
νϕ ∧ ⋆νϕ =
∫
[0,1]×S1×S1
LTΨT λϕ ∧ σϑ = LTΨT ,
where ΨP =
∫
ΣT
⋆νϑ and ΨT =
∫
ΣP
⋆νϕ, sets the nor-
malisation with respect to the manifold’s metric.
Proposition III.10. All 1-forms A ∈ L2Ω1(HT ) can be
orthogonally decomposed as
A = δβ + dfD + dh+ cϕνϕ + cϑνϑ,
where β ∈ W 1Ω2N (HT ), fD ∈ W 1C∞(HT ) is a smooth
Dirichlet function on HT such that fD|∂HT = 0, h ∈
W 1C∞(HT ) is a harmonic function such that ∆h = 0,
and νϕ and νϑ are the unit vacuum toroidal and poloidal
fields respectively which span the space of Neumann har-
monic fields Harm1N (HT ). The projection coefficients are
cϕ = (A, νϕ) and cϑ = (A, νϑ).
Proof. The decomposition of 1-forms onHT immediately
follows from HFMD and proposition III.9.
Theorem III.3 (Minimal gauge on a hollow torus). Let
B = dA 6= 0 be an exact 2-form on HT . The potential
1-form A can be chosen uniquely to be minimal in terms
of its L2-norm by requiring that it be co-closed δA = 0,
tangential nA = 0 and whirl-free, i.e. (A, νϕ) = 0 and
(A, νϑ) = 0. In this gauge, A carries the minimal amount
of physical information about B.
Proof. The proof is essentially the same as for theorem
III.3. By proposition III.10, A = δβ+ dfD + dh+ cϑνϑ+
cϕνϕ. By orthogonality of the decomposition, the L
2-
norm squared of A is the sum of positive quantities
||A||2L2 = ||δβ||2L2 + ||dfD||2L2 + ||dh||2L2 + c2ϑ + c2ϕ > 0
If δA = 0, then by proposition A.3 dfD = 0. If A is
tangential, 0 = nA = ndh, but then ||dh||L2 = 0 and
so dh = 0. Finally, provided that 0 = (A, νϕ) = cϕ
and 0 = (A, νϑ) = cϑ, ||A||2L2 = ||δβ||2L2 is the minimal
possible L2-norm for which B 6= 0.
Theorem III.4. Let s ∈ W 1Ω1(HT ) be a closed 1-form,
ds = 0 and B ∈W 1Ω2D(HT ) be a closed Dirichlet 2-form,
dB = 0 and tB = 0. Then,∫
HT
s ∧B = (s, ⋆−1B) =
∫
ΓT
s
∫
ΣP
B −
∫
ΓP
s
∫
ΣT
B
where ΓT ∈ [Φ(CT )] and ΓP ∈ [Φ(CP )] are closed
toroidal and poloidal paths, ΣP ∈ [Φ(SP )] is a poloidal
cut and ΣT ∈ [Φ(ST )] is a toroidal annulus (or ribbon).
Proof. The pullback Φ∗s ∈ [lϑλϑ + lϕλϕ] ∈ H1dR([0, 1] ×
S1 × S1, d) with
lϑ =
∫
ΓP
s =
∫
CP
Φ∗s, lϕ =
∫
ΓT
s =
∫
CT
Φ∗s.
The pullback Φ∗B ∈ [l˜ϕσϕ + l˜ϑσϑ] ∈ H2dR([0, 1] × S1 ×
S1, {0} × S1 × S1 ∪ {1} × S1 × S1, d) with
l˜ϑ =
∫
ΣP
B =
∫
SP
Φ∗B, l˜ϕ =
∫
ΣT
B =
∫
ST
Φ∗B
Then, recalling equation (12),∫
HT
s ∧B =
∫
[0,1]×S1×S1
Φ∗(s) ∧ Φ∗(B)
=
∫
[0,1]×S1×S1
(
lϑ l˜ϕλϑ ∧ σϕ + lϕl˜ϑλϕ ∧ σϑ
)
= (lϕ l˜ϑ − lϑ l˜ϕ)
∫
[0,1]×S1×S1
λr ∧ λϑ ∧ λϕ
= lϕ l˜ϑ − lϑ l˜ϕ =
(
lϕ lϑ
)
J
(
l˜ϕ
l˜ϑ
)
,
where J =
(
0 1
−1 0
)
. The first step, where HT is re-
placed by Φ([0, 1]× S1 × S1) for the purpose of integra-
tion over the whole volume, is justified by the assumption
that Φ preserves orientation with respect to the standard
volume form on R3.
The independence of this result on the embedding is
highlighted by the following construction. Let Φ1 and
Φ2 be two embeddings of the hollow torus describing
the same manifold HT , namely the images Φ1([0, 1] ×
S1 × S1) = Φ2([0, 1] × S1 × S1) = HT describe the
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phism Φ1 ◦ Φ−12 : HT → HT induces the mapping
A : H1(HT,Z) ∼= Z2 → H1(HT ) ∼= Z2 on the first ho-
mology with integer coefficients such that toroidal and
poloidal paths (generators) may be related by
(
[Φ1(CT )]
[Φ1(CP )]
)
=
(
A11 A12
A21 A22
)(
[Φ2(CT )]
[Φ2(CP )]
)
, Aij ∈ Z
The inverse of the matrix A ∈ GL(2,Z) is induced by the
diffeomorphism Φ2 ◦ Φ−11 so that A−1 ∈ GL(2,Z) must
also have integer coefficients. This is possible if and only
if det(A) = det(A−1) = ±1. Indeed, 1 = det(AA−1) =
det(A) det(A−1) where det(A) ∈ Z and det(A−1) ∈ Z.
We note that in 2-dimension AT JA = det(A)J , so
that det(A) = ±1 is equivalent to A being (pseudo)-
symplectic. A negative sign indicates here a reversal of
the ”handedness” or intersection number of the bases.
Let [Λ1,2ϕ,ϑ] ∈ H1dR(HT, d) be dual bases dual to the
first homology generators [Φ1,2(CT,P )] ∈ H1(HT ) such
that [Φ1,2
∗
(Λ1,2ϕ,ϑ)] = [λϕ,ϑ]. The two dual bases are then
related by (
[Λ1ϕ]
[Λ1ϑ]
)
= AT
(
[Λ2ϕ]
[Λ2ϑ]
)
.
On similar grounds, the first relative homology bases
must be related by [Φ1(CR)] = B[Φ
2(CR)] where B =
±1. A negative sign corresponds to exchanging the in-
ner and outer boundaries. If [R1,2] ∈ H1dR(HT, ∂HT, d)
are dual bases of first relative cohomology, then [R1] =
B[R2].
Let [Π1,2ϕ,ϑ] be dual bases of second relative cohomol-
ogy, such that [Φ1,2
∗
(Π1,2ϕ,ϑ)] = [σϕ,ϑ] = [λr ∧ λϕ,ϑ]. The
latter relation implies that [Π1,2ϕ,ϑ] = [R
1,2∧Λ1,2ϕ,ϑ]. Hence,
the second relative cohomology bases are related through
matrix AT in the same way as for the first absolute co-
homology bases, up to the sign conveyed by B. We have(
[Π1ϕ]
[Π1ϑ]
)
= BAT
(
[Π2ϕ]
[Π2ϑ]
)
.
By duality, generators of second relative homology
[Φ1,2(ST,P )] ∈ H2(HT, ∂HT ) are related by(
[Φ1(ST )]
[Φ1(SP )]
)
= BA
(
[Φ2(ST )]
[Φ2(SP )]
)
.
Combined together, [Λ1,2ϕ ∧ Π1,2ϑ ] = −[Λ1,2ϑ ∧ Π1,2ϕ ] ∈
H3(HT, ∂HT, d) are top forms on HT , related to one
another by the factor det(A)B = ±1. The orientation
of both top forms must be compatible with the standard
volume form in R3 as per our global assumption on the
embeddings. This implies that the mutual orientation
of the embeddings’ top forms must be preserved, and so
det(A)B = 1. Interestingly, it is still possible for the in-
tersection number of the first homology bases to differ,
together with an exchange of inner and outer boundaries.
It would be straightforward to make the above formula
completely general by including information about the
manifold’s orientation.
Given a closed 1-form s ∈ H1dR(HT ) and a closed
Dirichlet 2-form B ∈ H2dR(HT, ∂HT ) as above, let l1,2ϕ,ϑ =∫
Φ1,2(CT,P )
s and l˜1,2ϕ,ϑ =
∫
Φ1,2(ST,P )
B be the projections
on the first and second cohomology bases. It is then clear
that these coefficients are related in the same way that
the homology bases are, namely
(
l1ϕ
l1ϑ
)
= A
(
l2ϕ
l2ϑ
)
,
(
l˜1ϕ
l˜1ϑ
)
= BA
(
l˜2ϕ
l˜2ϑ
)
.
We now verify that the factorisation result of Theorem
III.4 is independent of the embedding by computing
∫
Φ1([0,1]×S1×S1)
s ∧B = (l1ϕ l1ϑ) J
(
l˜1ϕ
l˜1ϑ
)
= B
(
l2ϕ l
2
ϑ
)
ATJA
(
l˜2ϕ l˜
2
ϑ
)
= det(A)B
(
l2ϕ l
2
ϑ
)
J
(
l˜2ϕ l˜
2
ϑ
)
=
∫
Φ2([0,1]×S1×S1)
s ∧B,
This result is reminiscent of Riemann’s bilinear relations
for compact Riemann surfaces of genus g, where g = 1 in
our case.
IV. MAGNETIC HELICITY ON TOROIDAL VOLUMES
Assuming the magnetic flux B to be an exact 2-form
B = dA, we define the magnetic helicity density as the
top form on M
H(A) := A ∧ dA. (14)
It can either be seen as a property derived from the po-
tential 1-form or, a fundamental gauge-dependent quan-
tity related to the magnetic field. On a solid toroidal
volume, this expression is well-defined for all closed 2-
forms, as per proposition III.1. On a hollow torus, not
all closed 2-forms are exact so that the notion of mag-
netic helicity only makes sense on the subspace of exact
2-forms.
The definition of magnetic helicity density does not
depend on the Riemannian metric, but can be written
as the dot-product between the magnetic field and the
vector potential, H(A) = A ·B µ where µ is the natural
volume form on M . The integral of the helicity density
over the entire manifold is called the total helicity
K[A] : =
∫
M
H(A) =
∫
M
A ∧ dA =
∫
M
A ·B µ (15)
The total helicity is important because it is one of sev-
eral conserved quantities under ideal MHD motion called
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Casimirs13–15. The total helicity is interpreted as the
degree of knottedness of magnetic field-lines3–5, which
can be seen as a topological invariant. In a system with
finite resistivity, energy dissipation is more rapid than
the decay of total helicity16. Taylor-relaxed states are
critical solutions (within the same gauge) of the energy
functional E[A] = 12 (dA, dA) =
1
2
∫
M
B2µ subject to the
constraint of fixed total helicity.
It is clear that the helicity density is a gauge-dependent
quantity. If A′ and A yield the same magnetic flux B =
dA′ = dA, their difference is a closed 1-form s := A′−A,
ds = 0. Then, the change in helicity density is H(A′) −
H(A) = s∧B and the total helicity differs by the integral
K[A′]−K[A] =
∫
M
s ∧B. (16)
On a manifold without boundary, the total helicity is
gauge-invariant by Stokes’ theorem since s ∧B = d(A ∧
s) = d(A′ ∧ s) is exact. On a manifold with boundary,
the total helicity is a boundary term that can generally
be altered by the gauge.
On a solid toroidal volume, HFMD of a closed 1-form
s gives s = dfD + dhs + cϕνϕ where cϕ = (s, νϕ). Since
df ∧ B = d(fB) − f✟✟dB for any smooth function f , the
change in total helicity consists of two terms
K[A′]−K[A] =
∫
∂ST
hstB + (s, νϕ)(⋆νϕ, B) (17)
where the surface integral involving fD vanishes due to
the Dirichlet boundary condition.
On a hollow toroidal volume, s = dfD + dhs + cϑνϑ +
cϕνϕ with cϑ = (s, νϑ) and cϕ = (s, νϕ). By a similar
argument, the difference in total helicity is decomposed
as
K[A′]−K[A] =
∫
∂HT
hstB + (s, νϑ)(⋆νϑ, B)
+ (s, νϕ)(⋆νϕ, B). (18)
A. Perfectly conducting boundary on a solid toroidal
volume
In the special case where the magnetic field is every-
where tangential to the boundary of the solid toroidal
volume, B ·n = 0, the magnetic flux B is a closed Dirich-
let 2-form, dB = 0 and tB = 0. Then, the first term in
equation (17) vanishes and Theorem III.2 greatly sim-
plifies the computation of the second. Such boundary
condition on the magnetic field is known as the perfectly
or ideally conducting boundary. It is often assumed in
tokamak and stellarator physics, and describes flux tubes
as regions bounded by magnetic surfaces, for example in
solar flare dynamics. By virtue of Theorem III.2, the
total magnetic helicity can be evaluated as the prod-
uct of the integral of the gauge function over any closed
toroidal path ΓT ∈ [Φ(CT )] ∈ H1(ST ) times the flux
of the magnetic field through any poloidal cross-section
ΣP ∈ [Φ(SP )] ∈ H2(ST, ∂ST ),
K[A′]−K[A] =
∫
ΓT
(A′ −A)
∫
ΣP
B. (19)
Remark. It is sufficient for two vector potentials to agree
along a single closed toroidal path to yield the same value
of total magnetic helicity. This condition is for example
met in the context of toroidal magnetic confinement, such
as tokamaks and stellarators, when the vector potential is
considered to vanish on the so-called magnetic axis. This
convenient choice is adopted by several magnetostatics
codes1,2, for which the values of total magnetic helicity
can be compared directly (provided that the magnetic
fields are tangential to the same boundary, and the mag-
netic axes coincide in real space).
By rearranging the terms in the above equation, one
can define a gauge-invariant or relative total helicity,
Kr[A; ΓT ] : = K[A]−
∫
ΓT
A
∫
ΣP
B. (20)
The relative total helicity does not depend on the choice
of gauge,Kr[A
′; ΓT ]−Kr[A; ΓT ] = 0, but may depend on
the closed toroidal path ΓT . The latter must be the same
when comparing two such quantities, which means that
the reference poloidal flux must coincide. Restricting to
toroidal paths ΓT that lie on the boundary of the solid
torus, the loop integral of A is independent of the specific
choice of path. Indeed, by Stokes’ theorem, the difference
equates to a surface integral of tB which vanishes due
to the perfectly conducting boundary. In this case, the
relative helicity reads
Kextr [A] := K[A]−ΨextP ΨT (21)
where ΨextP corresponds physically to the external
poloidal flux through the hole of the solid torus and
ΨT =
∫
ΣP
B is the magnetic field’s flux through the solid
torus (toroidal flux). This expression coincides with the
usual relative helicity formula7,9.
The main advantage of our derivation is that we only
need to focus on the topology of the domain and how
it affects the space of solutions to the boundary value
problem B = dA. This step can be performed at the
coarser homological level rather than via direct compu-
tation. Nothing needs to be assumed about the solu-
tion on the complement of the manifold (outside the do-
main); Hodge theory takes care of existence, uniqueness
and regularity. Demonstrating these formulae in local co-
ordinate would be extremely tedious depending on how
the specific embedding affects the Riemannian metric;
the coordinate-free notation is compact and general. An-
other advantage is that the use of so-called multi-valued
functions is avoided altogether and Stokes’ theorem re-
mains unconditionally true. There is also no need to
split the domain into simply-connected components, nor
to isolate the ”vacuum components” of each field. Fi-
nally, the same strategy can be repeated to generalise the
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relative total helicity formula over to more complicated
domains.
B. Perfectly conducting boundary on a hollow toroidal
volume
A similar formula for the relative helicity can be de-
rived in the special case where the magnetic field is ev-
erywhere tangential to the boundary of the hollow torus,
namely when B · n = 0 on the exterior and interior
tori. By proposition III.8.1, the magnetic flux (as a
closed Dirichlet 2-form dB = 0 and tB = 0) is exact
B = dA, and the total helicity of the magnetic field is
well-defined by the functional of the potential 1-form,
H [A] = A ∧ dA. Furthermore, theorem III.4 applies and
the effect of gauge can be computed by the following
combination of loop and surface integrals
K[A′]−K[A] =
∫
ΓT
(A′ −A)
∫
ΣP
B −
∫
ΓP
(A′ −A)
∫
ΣT
B,
(22)
where ΓT ∈ [Φ(CT )], ΓP ∈ [Φ(CP )] are closed
toroidal and poloidal paths such that H1(HT ) =
span{[Φ(CT )], [Φ(CP )]}, ΣP ∈ [Φ(SP )] is a poloidal cut
and ΣT ∈ [Φ(ST )] a toroidal annulus (or ribbon) with
H2(HT, ∂HT ) = span{[Φ(ST )], [Φ(SP )]}.
This suggests the following definition of relative helicity
for a perfectly conducting hollow toroidal volume
Kr[A; ΓT ,ΓP ] : = K[A]−
∫
ΓT
A
∫
ΣP
B +
∫
ΓP
A
∫
ΣT
B.
(23)
This expression is gauge-invariant, Kr[A
′; ΓT ,ΓP ] −
Kr[A; ΓT ,ΓP ] = 0, but depends on the choice of paths ΓT
and ΓP . The relative helicity becomes independent of the
specific path choice by restricting ΓT and ΓP to lie on the
boundary of the hollow torus. The most natural choice
among four possible combinations is to assign toroidal
loops ΓT to the exterior boundary torus and poloidal
loops ΓP to the interior. Specifically, one computes
Kextr [A] := K[A]−ΨextP ΨT +ΨPΨextT (24)
where ΨextP is the exterior poloidal magnetic flux through
the torus’ “major hole”, ΨextT is the exterior toroidal mag-
netic flux through the “minor hole” (hollowed section),
and ΨT =
∫
ΣT
B and ΨP =
∫
ΣP
B are respectively the
toroidal and poloidal magnetic fluxes within the hollow
torus. Expression (24) is a useful generalisation of the
usual relative helicity formulae7,9 applicable to multi-
region calculations of MHD equilibria2.
V. CONCLUSION
Elements of Hodge theory and de Rham cohomology
were introduced to formally address the effect of gauge
freedom in magnetostatics problems. The Hodge-Morrey
and Friedrichs decomposition theorems of k-forms on
compact manifolds with boundary were applied to the
representation problem of magnetic fluxes (2-forms) via
potential 1-forms on three-dimensional toroidal volumes.
This coordinate-free and general method for solving
boundary value problems identifies the various compo-
nents in terms of boundary conditions and kernels of the
exterior derivative and codifferential operator. This is a
useful step to establish well-posedness and uniqueness of
solutions17.
We also highlighted the fact that, when the domain’s
homology is non-trivial, one needs to account for the im-
portant components belonging to the subspace of har-
monic fields. This remarkable subspace is actually finite
dimensional and can be characterised entirely by homo-
logical methods; the geometry (metric) does not interfere
with the global (integral) properties of its constituents.
The homology groups of two domains commonly used in
the context of fusion plasmas were classified. All closed
2-forms are exact on a solid toroidal volume and we saw
that all physical magnetic fluxes must be exact on a hol-
low toroidal volume. In solid toroidal volumes, harmonic
one-fields are spanned by the unique (up to sign) unit
toroidal vacuum field. In axisymmetric devices (toka-
maks), this 1-form is simply a multiple of the gradient of
the toroidal angle, which corresponds physically to the
1/R vacuum field from the toroidal field coils. In stellara-
tors, this 1-form is the only three-dimensional toroidal
vacuum field that aligns with the boundary (last-closed
flux-surface). As a vector field, the field-lines of the unit
toroidal vacuum field within the domain can be extremely
complex. From the perspective of stellarator design, the
unit toroidal vacuum field is precisely the target configu-
ration that is being optimised18–20. Questions about in-
tegral submanifolds (nested flux-surfaces), foliations, etc.
naturally follow and would be important to investigate on
similar grounds.
This paper provided a framework to distinguish the
physically relevant potential 1-form from the superflu-
ous components, leading to gauge-freedom. The require-
ments for a minimal gauge were listed, namely that the
vector potential be divergence-free, tangential and or-
thogonal to the space of harmonic fields. While the first
condition is well-known to correspond to the Coulomb
gauge, the remaining two – specific to the domain hav-
ing a boundary and a non-trivial homology – were shown
to be equally important. In fact, if any of these con-
ditions are broken, the L2-norm of the vector potential
could be made arbitrary.
Theorems III.2 and III.4 showed the remarkable split-
ting of the volume integral of the wedge product between
a closed 1-form and a closed Dirichlet 2-form into a prod-
uct (or a combination of products) of the line-integral of
the former and the surface-integral of the latter. These
results were essential in deriving relative total helicity
formulae for the case of perfectly conducting boundary
conditions. With these expressions, the value of the rela-
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tive helicity does not depend on the choice of gauge and
can be safely compared with that of another configura-
tion. The derivation highlighted the homological origins
of the well-established formulae6,8,9 and provided a for-
mal justification for them.
The approach of this paper may help assess the ef-
fect of homology and gauge-freedom in different applica-
tions such as the formation of eddy current formation in
conducting material, magnetic levitation, Taylor-relaxed
states, dynamo effect, solar flares, magnetic reconnection,
etc.
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Appendix A: Hodge theory
We will be adopting the notation from the book
by Schwarz 17 and reporting the most useful results for
our purposes.
In order to avoid confusion, we reserve the symbol
H to refer to homology or cohomology classes Hk(X)
and Hk(X). Sobolev-Hilbert spaces will be denoted by
W 1(X) =W 1,2(X) instead.
1. The Hilbert spaces of square-integrable forms
The vector space Ωk(M) of smooth k-forms on an ori-
ented compact smooth Riemannian n-manifold (M, 〈·, ·〉)
with boundary is equipped with the L2-inner product,
(·, ·) : Ωk(M)× Ωk(M) 7→ R defined by
(α, β) :=
∫
M
α ∧ ⋆β =
∫
M
〈α, β〉µ (A1)
where µ ∈ Ωn(M) is the natural volume-form of the Rie-
mannian metric 〈·, ·〉 on M , and ⋆ : Ωk(M)→ Ωn−k(M)
is the Hodge star operator. Let L2Ωk(M) be the L2-
completion of Ωk(M). Denote by W 1Ωk(M) the com-
pletion of Ωk(M) with respect to the so-called Dirich-
let inner product (α, β)D := (dα, dβ) + (δα, δβ), where
d is the (metric-independent) exterior derivative and
δ := (−1)k⋆−1d⋆ is the (metric-dependent) codifferential.
On manifolds with boundary, it is useful to label the
subspaces of k-forms respecting Dirichlet and Neumann
boundary conditions. Let j : ∂M → M be the natural
inclusion, with tangent map T j : T∂M → TM |∂M . The
tangent bundle T∂M of the boundary manifold can be
identified with the image of the tangent map, T j(∂M),
but not with the restriction of the tangent bundle to
the boundary TM |∂M . We construct unit normal vec-
tor fields N ∈ Γ(TM |∂M) such that 〈N ,N〉 = 1 and
〈N , T j(Y )〉 = 0, ∀Y ∈ Γ(T∂M), and extend them in a
neighbourhood of the boundary by the collar theorem21.
Any vector field X ∈ Γ(TM) can then be decomposed on
the boundary into tangential and normal components as
X⊥ = 〈X |∂M ,N〉N , X || = X |∂M −X⊥.
In turn, the tangential and normal boundary operators
are defined on k-forms α ∈ Ωk(M) by
nα(X1, . . . , Xk) := α(X
⊥
1 , . . . , X
⊥
k ), tα := α|∂M − nα.
for any set of vector fields on the boundary X1, . . . , Xk ∈
Γ(TM |∂M). Tangential projection coincides with the
pullback of the inclusion in the sense that
j∗tα = j∗α, j∗nα = 0.
Subscripts D and N denote the subspaces of Dirichlet
k-forms and Neumann k-forms:
ΩkD(M) : = {α ∈ Ωk(M)| tα = 0},
ΩkN (M) : = {α ∈ Ωk(M)| nα = 0}.
(A2)
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The tangential and normal operators satisfy the follow-
ing (commutation) relations (see Schwarz 17, Proposition
1.2.6)
tdω = dtω, nδω = δnω, (A3)
⋆nω = t ⋆ ω, ⋆tω = n ⋆ ω. (A4)
Stokes theorem is the fundamental result of exterior
calculus on which Hodge decomposition of k-forms is
based. For any n− 1-form ω ∈W 1Ωn−1(M), one has∫
M
dω =
∫
∂M
tω. (A5)
Importantly, the integral over a closed manifold M
(whose boundary is empty ∂M = ∅) of an exact form dω
vanishes. Exact forms are always closed, since dd = 0 but
the converse is not always true. Non-exact closed forms
represent so-called cohomology classes that are nonzero.
Homotopy equivalences (in particular homeomorphisms)
respect cohomology classes.
Green’s formula is a useful corollary to Stokes theorem,
demonstrating that the exterior derivative and the codif-
ferential are almost dual operations under the L2-pairing
(see Schwarz 17, Proposition 2.1.2):
(dω, η) = (ω, δη) +
∫
∂M
tω ∧ ⋆nη. (A6)
Duality is achieved by restricting to families of forms that
satisfy suitable boundary conditions, thereby eliminating
the boundary term in equation (A6). This is an impor-
tant ingredient of the decomposition theorems below.
2. de Rham cohomology in a nutshell
Two forms, s1, s2 ∈ W 1Ωk(M) that are closed, namely
ds1 = ds2 = 0, are said to belong to the same cohomology
class (are cohomologous) when their difference is exact,
namely s1 − s2 = dǫ for some ǫ ∈ W 1Ωk−1(M). The kth
de Rham cohomology group ofM is the quotient (vector)
space
HkdR(M,d) := ker d|W 1Ωk(M)/im d|W 1Ωk−1(M), (A7)
namely the real vector space of closed k-forms modulo
the space of exact k-forms.
Integration of k-forms over k-chains produces, by
virtue of Stokes theorem, a well-defined (homomorphism)
bilinear pairing ≪ ·, · ≫: Hk(M)×HkdR(M,d)→ R,
≪ [Γ], [λ]≫ :=
∫
Γ
λ, (A8)
between Hk(M), the k
th singular homology group (space
of k-cycles modulo the k-boundaries) and the kth de
Rham cohomology group.
De Rham’s theorem states that the map induced
by this pairing is an isomorphism from HkdR(M,d) to
the dual Hk(M,R) of Hk(M,R), namely H
k
dR(M,d)
∼=
Hk(M,R). Nonzero elements of de Rham cohomol-
ogy groups are equivalence classes represented by closed
forms whose integrals over closed k-cycles do not all van-
ish. So another way of defining the de Rham cohomology
group is
HkdR(M,d) := ker d|W 1Ωk(M)/ ker
∫
Γk
, ∀Γk ∈ Hk(M).
On a compact manifold, the dimension of Hk(M,R) is a
finite non-negative integer called the kth Betti number.
Then, given a basis {[Γi]}βki=1 of Hk(M,R), there is a dual
basis {[λi]}βki=1, whose representatives are closed k-forms,
for which
∫
Γi
λj is Kronecker’s δij . This makes no use of
a Riemannian metric on the manifold M .
A similar isomorphism can be established over the rel-
ative cohomology with respect to the manifold’s bound-
ary, namely for k-forms satisfying the Dirichlet boundary
condition,
HkdR(M,∂M, d) := kerd|W 1Ωk
D
(M)/im d|W 1Ωk−1
D
(M),
(A9)
and when chains on the boundary are quotiented out.
Indeed, the non-degenerate bilinear pairing ≪ ·, · ≫:
Hk(M,∂M) × HkdR(M,∂M, d) → R with the same
rule as above is perfect, so that HkdR(M,∂M, d)
∼=
Hk(M,∂M,R).
3. L2-decomposition theorems on manifolds with
boundary
Now, making use of a Riemannian metric on M ,
we describe the Hodge-Friedrichs-Morrey decomposition.
HFMD is a generalisation of the classical Helmoltz de-
composition theorem22 in R3, and is a remarkable result
on the splitting of the infinite-dimensional Hilbert space
L2Ωk(M) into a sum of orthogonal subspaces. HFMD
is actually the result of the Hodge-Morrey decomposi-
tion23 (HMD) together with the Friedrichs decomposi-
tion24 (FD), which we briefly discuss.
The HMD theorem says that L2Ωk(M) is the direct-
sum of exact Dirichlet k-forms, co-exact Neumann k-
forms and so-called harmonic k-fields (no boundary con-
ditions). Reciting Schwarz 17, Theorem 2.4.2, the con-
clusion of the HMD is that the Hilbert space of square
integrable k-forms on a compact orientable manifold with
boundary splits into the direct sum
L2Ωk(M) = Ek(M)⊕ Ck(M)⊕ L2Harmk(M) (A10)
where
Ek(M) : = im d∣∣
W 1Ωk−1
D
(M)
⊂ L2ΩkD(M)
= {dα| α ∈ W 1Ωk−1(M), tα = 0} (A11)
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is the space of exact k-forms produced by the exterior
derivative of any k − 1-form with vanishing tangential
component (E0(M) := {0}),
Ck(M) : = im δ∣∣
W 1Ωk+1
N
(M)
⊂ L2ΩkN (M)
= {δβ| β ∈W 1Ωk+1(M), nβ = 0} (A12)
is the space of co-exact k-forms produced by the codiffer-
ential of any k+1 form with vanishing normal component
(Cn(M) := {0}),
Harmk(M) : = ker d|W 1Ωk(M) ∩ ker δ
∣∣
W 1Ωk(M)
= {κ ∈W 1Ωk(M)| dκ = 0, δκ = 0}
(A13)
is the space of harmonic k-fields. Notice that being a
harmonic k-field is more restrictive than being a har-
monic k-form; dλ = 0 and δλ = 0 implies that ∆λ =
(dδ+ δd)λ = 0, but the converse is in general not true on
manifolds with non-empty boundary. It is worth men-
tioning that the spaces Ek(M) and Ck(M) are closed in
the L2-topology (see Schwarz 17, Lemma 2.4.3).
The FD theorem says that the space of harmonic fields
on a compact manifold with boundary can be further split
into two orthogonal subspaces. This can be done in two
ways (Schwarz 17, Theorem 2.4.8),
L2Harmk(M) = HarmkD(M)⊕ L2Harmkco(M)
= HarmkN (M)⊕ L2Harmkex(M)
(A14)
where
HarmkD(M) := {λD ∈W 1Ωk(M)|
dλD = 0, δλD = 0, tλD = 0} (A15)
is the space of Dirichlet harmonic fields,
HarmkN(M) := {λN ∈ W 1Ωk(M)|
dλN = 0, δλN = 0,nλN = 0} (A16)
is the space of Neumann harmonic fields,
Harmkco(M) := {δγ| γ ∈ W 1Ωk+1(M), dδγ = 0} (A17)
is the space of co-exact harmonic fields, and
Harmkex(M) := {dǫ| ǫ ∈W 1Ωk−1(M), δdǫ = 0} (A18)
is the space of exact harmonic fields. Dirichlet and Neu-
mann harmonic fields are smooth (see Schwarz 17, Theo-
rem 2.2.6 and 2.2.7).
4. General consequences and useful properties of Hodge
theory
To illustrate the use of Hodge theory for solving bound-
ary value problems, we list some useful consequences
of this decomposition in the form of propositions with
proofs.
Proposition A.1. Any k-form ω ∈ L2Ωk(M) can be
uniquely (here and elsewhere) written as
ω = dα+ δβ + κ
where α ∈ W 1Ωk−1D (M), β ∈ W 1Ωk+1N (M) and κ ∈
L2Harmk(M) is closed and co-closed. The three terms
dα, δβ and κ are mutually orthogonal with respect to the
L2-inner product.
The freedom in choosing α and β, in their respective
spaces, corresponds to gauge-freedom in the wider con-
text of k-forms.
Proof. This is a direct application of the HMD, equa-
tion (A10). Orthogonality is shown via Green’s formula,
(dα, κ) = (α,✚δκ) +
∫
∂M
✟tα ∧ ⋆nκ = 0,
and, similarly, (dα, δβ) = 0 and (δβ, κ) = 0.
Proposition A.2. Using the notation from the previous
result, the L2-norm of any k-form ω is computed as
||ω||2L2 = (dα, dα) + (δβ, δβ) + (κ, κ),
Proof. (ω, ω) = (dα + δβ + κ, dα+ δβ + κ) = (dα, dα) +
(δβ, δβ) + (κ, κ) + 2
✭✭✭
✭✭✭
✭✭✭
✭✭✭
✭
[(dα, δβ) + (dα, κ) + (δβ, κ)].
Proposition A.3. The following pair of equivalences
hold:
1. A k-form ω ∈ L2Ωk(M) is closed dω = 0 ⇐⇒
(ω, δβ) = 0, ∀β ∈ W 1Ωk+1N (M), and thus ω = dα + κ
where α ∈W 1Ωk−1D (M) and κ ∈ L2Harmk(M).
2. A k-form ω˜ ∈ L2Ωk(M) is co-closed δω˜ = 0 ⇐⇒
(ω, dα) = 0, ∀α ∈ Ωk−1D (M), and thus ω = δβ + κ˜ where
β ∈ W 1Ωk+1N (M) and κ˜ ∈ L2Harmk(M).
Proof. By Green’s formula, ∀α ∈ Ωk−1D (M) and ∀β ∈
Ωk+1N (M),
(α, δω) = (dα, ω) +
∫
∂M
✟tα ∧ ⋆nω = (ω, dα)
(dω, β) = (ω, δβ) +
∫
∂M
tω ∧ ⋆✚✚nβ = (ω, δβ).
The following is an explicit reading of Schwarz 17,
Corollary 2.4.9.
Proposition A.4 (Helmoltz decomposition). Any k-
form ω ∈ L2Ωk(M) can be orthogonally decomposed into
an exact k-form and a co-closed Neumann k-form,
ω = dη + ρ, η ∈ W 1Ωk−1(M), ρ ∈W 1ΩkN(M), δρ = 0
with (dη, ρ) = 0.
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By duality, that same k-form can be orthogonally de-
composed into a co-exact k-form and a closed Dirichlet
k-form,
ω = δσ + τ, σ ∈W 1Ωk+1(M), τ ∈ W 1ΩkD(M), dτ = 0
with (δσ, τ) = 0.
Proof. By HMD, ω = dα+ δβ + κ as in Proposition A.1.
By FD, the harmonic k-field can be uniquely expressed
as
κ = dǫ + λN ⇒ ω = d(α+ ǫ︸ ︷︷ ︸
η
) + δβ + λN︸ ︷︷ ︸
ρ
where λN ∈ HarmkN (M) and ǫ ∈ W 1Ωk−1(M) is such
that δdǫ = 0. Alternatively,
κ = δγ + λD ⇒ ω = δ(β + γ︸ ︷︷ ︸
σ
) + dα + λD︸ ︷︷ ︸
τ
where λD ∈ HarmkD(M) and γ ∈ W 1Ωk+1(M) is such
that dδγ = 0.
Proposition A.5. The Hodge star operator on Ωk(M)
induces the isomorphism HarmkN (M)
∼= Harmn−kD (M).
Proof. Let λN ∈ HarmkN (M). Then, δ ⋆ λN = (−1)k ⋆−1
d ⋆2 λN = (−1)k(n−k+1) ⋆−1 dλN = 0, d ⋆ λN = (−1)k ⋆
δλN = 0, and by (A4), n ⋆ λN = ⋆tλN = 0. Thus,
⋆(HarmkN (M)) ⊂ Harmn−kD (M). Similarly, one shows
that ⋆−1Harmn−kD (M) ⊂ HarmkN (M).
The following two theorems coincide with Schwarz 17,
Theorem 2.6.1.
Theorem A.1 (Hodge isomorphism). HarmkN (M)
∼=
HkdR(M,d) and Harm
k
D(M)
∼= HkdR(M, δ).
Proof. By proposition A.3 and FD, every closed k-form
is uniquely decomposed as ω = dα + dǫ + λN where
α ∈ W 1Ωk−1D (M), ǫ ∈ W 1Ωk−1(M) is such that
δdǫ = 0 and λN ∈ HarmkN (M). Thus, every closed k-
form is cohomologous to an element of HarmkN (M) and,
by orthogonality of the decomposition, HarmkN (M)
∼=
ker d|W 1Ωk(M)/im d|W 1Ωk−1(M).
Similarly, every co-closed k-form is decomposed as ω˜ =
δβ + δγ + λD where β ∈W 1Ωk+1(M), γ ∈W 1Ωk+1(M)
is such that dδγ = 0 and λD ∈ HarmkD(M). Hence,
HarmkD(M)
∼= ker δ|W 1Ωk(M)/im δ|W 1Ωk+1(M).
Theorem A.2. HarmkD(M)
∼= HkdR(M,∂M, d) and
HarmkN (M)
∼= HkdR(M,∂M, δ).
Proof. By proposition A.3 and FD, every closed k-form
is uniquely decomposed as ω˜ = dα + δγ + λD, where
α ∈ W 1Ωk−1D (M), γ ∈W 1Ωk+1(M) is such that dδγ = 0
and λD ∈ HarmkD(M). If ω˜ is Dirichlet, 0 = tω˜ = tδγ,
then by Green’s formula
||δγ||L2 = (δγ, δγ) = (✟✟dδγ, γ)−
∫
∂M
✚tδγ ∧ ⋆nγ = 0,
which implies that δγ = 0 and ω˜ = dα+λD. Hence, every
closed Dirichlet k-form is cohomologous to an element of
HarmkD(M) and, by orthogonality of the decomposition,
HarmkD(M)
∼= kerd|W 1Ωk
D
(M)/im d|W 1Ωk−1
D
(M). The dual
isomorphism is shown correspondingly.
The following coincides with Schwarz 17, Corollary
2.6.2.
Corollary A.5.1 (Poincare´-Lefschetz duality). The fol-
lowing isomorphisms hold:
HkdR(M,∂M, d)
∼= HkdR(M, δ),
HkdR(M,d)
∼= HkdR(M,∂M, δ),
HkdR(M,d)
∼= Hn−kdR (M, δ),
HkdR(M,∂M, d)
∼= Hn−kdR (M,∂M, δ),
HkdR(M,d)
∼= Hn−kdR (M,∂M, d),
HkdR(M, δ)
∼= Hn−kdR (M,∂M, δ).
It is a remarkable result that Dirichlet and Neumann
harmonic fields can be identified with de Rham coho-
mology classes. Every de Rham cohomology class has a
unique Neumann harmonic representative, and a unique
Dirichlet harmonic representative. The dimension of the
spaces of Dirichlet and Neumann harmonic fields is thus
finite and can be computed through homological meth-
ods; dim HarmkN (M) = βk the k-th Betti number, and
dim HarmkD(M) = βn−k.
The only harmonic k-field that simultaneously sat-
isfies Dirichlet and Neumann boundary conditions is
the zero-form, HarmkD(M) ∩ HarmkN (M) = {0}. For
k = 0 and k = n, respectively, harmonic fields are
constants, i.e. if M is connected, then Harm0(M) =
Harm0N (M) = R (Harm
0
D(M) = {0}) and Harmn(M) =
{cµ ∈ Ωn(M)| c ∈ R} = HarmnD(M) where µ is the Rie-
mannian volume-form (HarmnN (M) = {0}).
